We investigate possible generalizations of the Coffman-Kundu-Wootters monogamy inequality to four qubits, accounting for multipartite entanglement in addition to the bipartite terms. We show that the most natural extension of the inequality does not hold in general, and we describe the violations of this inequality in detail. We investigate alternative ways to extend the monogamy inequality to express a constraint on entanglement sharing valid for all four-qubit states, and perform an extensive numerical analysis of randomly generated fourqubit states to explore the properties of such extensions.
I. INTRODUCTION
The conceptual and computational difficulties of quantifying the entanglement of larger systems make the complete description of multipartite entanglement one of the biggest challenges of quantum information theory [1, 2] . Gaining a better insight into the properties of entangled states of many parties would lead to major progress in our understanding of the concept of entanglement, and would have significant implications on many quantum information protocols and other physical processes which rely on it [3, 4] .
One of the fundamental traits of multipartite quantum entanglement is its monogamy -an inherent constraint on how it can be shared among multiple parties. The concept was first formalized for a system of three qubits in the seminal work of Coffman, Kundu, and Wootters (CKW) [5] , showing that the entanglement of a qubit with another pair of qubits (quantified with the tangle τ) places a bound on the total amount of pairwise entanglement between the considered qubit and each qubit from the pair. This relation, referred to as the CKW monogamy inequality, can be expressed for a pure state |φ of three qubits as τ ( 
1) 1|23
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where τ (1) i| jk represents the one-tangle, also known as the linear entropy, quantifying the bipartite entanglement between a chosen qubit i and the rest of the system in the state |φ :
and τ (2) i| j denotes the two-tangle, which measures the pairwise entanglement for the reduced subsystem of qubits i and j:
Here, C is the concurrence [6, 7] . Remarkably, the residual entanglement in this relation is invariant under stochastic local operations and classical communication (SLOCC), as well as under permutations of the parties i jk, and in fact quantifies the genuine three-partite entanglement in the system [8] . It is is now known as the threetangle:
(|φ ) = τ (|φ ) (4) and it admits a straightforward closed-form expression as a polynomial of homogeneous degree 4 in the coefficients of the state |φ [5, 9, 10] .
Even though it is tailored for particular choices of the entanglement measure, the CKW monogamy inequality is often regarded as a quantitative constraint capturing a characteristic property of entanglement itself, which distinguishes it from other, weaker forms of nonclassical correlations [11, 12] . The relation was later extended by Osborne and Verstraete [13] to describe the distribution of pairwise entanglement in a system of n qubits, following the conjecture by CKW [5] , and takes the form
It is, however, obvious that this relation does not fully describe the entanglement of an n-partite state, since on the right-hand side it only contains the entanglement of pairs of particles and disregards genuine multipartite correlations. Indeed, many attempts have been made to construct a generalized monogamy inequality for n qubits [14] [15] [16] [17] [18] . While in particular [18] established a general symmetric monogamy equality involving various forms of bipartite and multipartite entanglement between different partitions of qubits, no extension in the spirit of inequality (5) was successfully reported to provide a constraint on entanglement sharing which could satisfactorily take into account all the forms of multipartite entanglement involving one focus qubit and subgroups of 2 ≤ k ≤ n − 1 remaining qubits. In fact, it was shown that such an extension using a generalized form of the tangle based on antilinear operators [10] is impossible [14] .
In this paper, we first investigate an arguably natural generalization of the CKW inequality (1) to four qubits, and show that it cannot hold in the general case by providing analytical counterexamples. We then present other possible methods of extending the inequality, and consider their implications on the validity of a possible general strong monogamy relation by performing an extensive numerical investigation of arbitrary four-qubit states and analyzing some example states in more detail.
II. STRONG MONOGAMY INEQUALITIES
From eqs. (1) and (5), one might expect a natural extension of the CKW inequality to hold, where the terms corresponding to different kinds of entanglement of up to (n − 1) subsystems are considered. However, there are two major questions which make such a generalization non-trivial; namely, how exactly to define and quantify the different types of multipartite entanglement, and whether the entanglement of more parties has to be scaled in the same way as the bipartite entanglement, or if we need some other appropriate scaling. We aim to provide and investigate several alternative answers to these questions.
Let us first consider the simplest generalization of the monogamy inequality for arbitrary pure states |φ of four qubits, which could take the form (referred to as "strong monogamy" [17, 19] ):
with |φ omitted for simplicity. Here, the square root of the three-tangle τ (3) can be extended to mixed states by taking the convex roof [20] :
where the minimum is taken over all convex decompositions of ρ into ensembles of pure states {|ψ n } with probabilities {p n }, ρ = n p n |ψ n ψ n |. It is worth noting that although the pure-state three-tangle admits a closed-form expression, the convex roof of the three-tangle is not known in general, and it has been found only for special cases of mixed states [21] [22] [23] [24] [25] [26] [27] . We also note that the convex roof extension for the threetangle is not defined unambiguously; what we have written is, in fact, the squared convex roof of the square root of the three-tangle, while other works consider the convex roof of the three-tangle directly. However, the use of the square root of the three-tangle in Eq. (7) is necessary to obtain a convex roof-extended measure which has homogeneous degree 2, and therefore scales linearly with the density matrix, generalizing the properties of the pure-state three-tangle [25] and establishing a privileged degree d = 2 for polynomial measures [2] . Every such measure is guaranteed to be an entanglement monotone [9] .
Let us now denote by τ
the residual term of the inequality, that is,
, (8) which makes Eq. (6) equivalent to τ is not invariant under permutations of the qubits any more, and has to be considered with respect to a chosen partition which assigns a focus role to qubit 1. Interestingly, the generalized form of this inequality has been shown to hold in a range of states of n qubits, including mixtures of W states and generalized GHZ states [17] as well as generalized W states, which saturate the inequality [5, 22, 28] . It has also been investigated using different entanglement measures, including the square of convex-roof extended negativity [29] and the standard negativity [30] . Additionally, a constraint equivalent to Eq. (6) has been shown to hold for all permutationally-invariant continuous-variable Gaussian states [19] , suggesting that it might be possible to establish a similar relation for qubits.
However, and rather surprisingly, this natural extension turns out not to hold in general, even for four qubits. The violations of this strong monogamy inequality were first conjectured in [17] based on numerical evidence. Here, we will show more precisely when they occur, using analytical results which allow us to calculate the mixed-state three-tangle in particular settings [27] . We then explore what alternative extensions of the generalized monogamy inequality are possible to account for these violations.
A. Violations of the inequality
We begin by noting that while four-qubit states can be divided into infinitely many SLOCC-inequivalent classes [8, 31] , there is, in fact, a convenient way to classify them into nine classes representing nine different ways in which they can be entangled [31, 32] , where the classes can be subdivided further into a three-dimensional characteristic entanglement vector [10] . The nine classes are defined by SLOCC operations acting on the generating states |G i a,b,c,d with i ∈ {1, . . . , 9}, where each generator is dependent on at most four continuous complex parameters a,b,c,d, and the union of the nine classes covers the whole Hilbert space of pure four-qubit states (up to permutations of the qubits). Therefore, any state |φ can be obtained as
for some choice of the complex parameters a, b, c, d as well as the invertible linear operators A k ∈ SL(2, C) representing SLOCC transformations [8] , with the index i uniquely determining which SLOCC class the state |φ belongs to.
Here we note a misprint in the classification of [31] , where the generating state |G 4 a,b (L ab 3 in the original notation) was reported incorrectly, as first mentioned in [32] . The correct expression is actually [33] 
with the two minus signs in the last line differing from [31] . The original, incorrect |G 4 a,b of [31] is instead equivalent to a degenerate case of SLOCC class 2 [32] , which coincidentally happens to be a class leading to violations of the strong monogamy inequality (6) , as shown in detail below.
To investigate the violations of strong monogamy as defined in eqs. (6) and (7), we first performed extensive numerical tests in search of states whose residual τ (4) 1|2|3|4 is negative. Noting that the three-qubit reduced subsystems of each pure four-qubit state are mixed states of rank 2, we remark that (at present) it is not possible in general to have an expression for the convex roof of the three-tangle τ (3) i| j|k (ρ), and so we employ the so-called zero-E approximation [34] to provide a tight upper bound on the mixed-state three-tangle. This means that our numerical tests in fact bound the residual τ (4) 1|2|3|4 from below, and while violations have to be confirmed in more detail (resorting to independent methods), all positive results confirm the inequality. It is not possible to strictly falsify it unless we have an exact result for the convex roof.
A test of 10 6 randomly generated pure states in each SLOCC class, with all parameters a,b,c,d and invertible linear operators A k randomized, has returned no violations of the inequality. This provides strong evidence that the natural extension of monogamy given by Eq. (6) holds for a generic choice of parameters defining the SLOCC classes. However, the situation is more subtle for non-generic states. Specifically, in class 2, generated by ≈ −0.097, which is far beyond any possible error due to numerical precision. As anticipated, violations cannot be conclusively confirmed until one establishes that the adopted upper bound for the mixed-state three-tangles is in fact tight. Fortunately, this is possible in the considered case.
To see this, we note the peculiarity of the two degenerate subclasses of SLOCC class 2. They are a special case where all four three-qubit reduced subsystems of the four-qubit state have only one state with vanishing three-tangle in their ranges. This means that they obey the so-called one-root property, and the convex roof of the square root of the three-tangle can be obtained exactly and has the same value for every convex decomposition [27] . Therefore, the values of the residual τ (4) 1|2|3|4 calculated numerically are in fact the exact values, and any violation of the inequality found in these subclasses is a true violation.
In order to present more explicit results, we would like to characterize a family of violations analytically. An example family of states with particularly large violations of the inequality can be constructed by beginning with the state |G with b = c and additionally imposing b = c = ia for a parameter a ≥ 0. We can then choose to parametrize an invertible linear operator A x of determinant 1 in a form which leads to an analytically tractable violating state:
with a real parameter x. The simplest case to consider is to (Eq. (13)) with respect to the parameters a and x.
apply the transformation to the first qubit only, giving the state (up to normalization)
with an explicit dependence on the parameters a and x. Since ρ 1 a,x belongs to the degenerate subclass of SLOCC class 2 for all a and x, we know that we can reach the convex roof of the three-tangles τ [27] . While its explicit expression is lengthy and omitted here, we plot it in Figure 1 for different values of the parameters.
As can be seen from the figure, the strong monogamy inequality is violated for a large subset of values of a and x. One can easily notice that the SLOCC transformation with x = 0 leads to the biggest violations. To obtain the minimum with regards to a, we analyze the marginal one-, two-, and three-tangles of the subsystems, and find that the value of a = a 0 = ≈ −0.076 within the considered family of states. We have thus explicitly demonstrated a significant violation of the strong monogamy inequality. This shows that the natural extension of the CKW monogamy inequality in Eqs. (6) and (7) does not hold in general. We then need to consider different forms of the inequality in order to obtain a result which might allow for a relation applicable to to all four-qubit states.
To be able to compare how the different approaches affect the values of the residual, we will use an example state from the same generating family as before, where we fix a = a 0 = and apply now the SLOCC transformation A x to the second qubit only, giving
The exact residual of this state for different values of x, as defined in Eq. (8) , is plotted in Fig. 2(a) . The first alternative approach we consider is a rescaling of the three-qubit terms of the inequality with a parameter µ ≥ 1:
The meaning of this rescaling is to assigning a lower weight to the three-partite terms compared to the bipartite terms in the monogamy decomposition. The residual of the example state ρ 2 a 0 ,x redefined this way is found to always be non-zero for µ 2.15, and we present it in Fig. 2(b) for µ = 3. We recall that general results for the choice of µ = 3 in this approach have been reported in [17] , where an extensive numerical test of 8 × 10 6 states over all SLOCC classes provided evidence that this modified inequality should hold for all four-qubit states. We present detailed results of using this method on the residuals of randomized generic states in Fig. 3(b) , and specifically on states in the violating subclass-i.e. the subclass of states which can exhibit violation of the strong monogamy inequality of Eq. (6)-in Fig. 4(b) .
As the homogeneous degree of the measure in the convex roof remains unaffected, we retain the useful properties of the square root of the three-tangle, in particular the linear scaling of the convex roof [25] as well as the one-root property [27] where applicable. We note, however, that while this approach provides a straightforward method of rescaling the appropriate terms, it changes the overall degree of the inequality, which might be considered undesirable [14] .
C. Modifying the inequality: approach 2
We can also consider a second alternative approach, in which the convex roof of the three-tangle is now taken to be
for some power q ≥ 2. We note that ((τ (3) i| j|k (|ψ n )) 1/q is an entanglement monotone for every q ≥ 1 [35] and now the degree of the inequality is left intact, but the degree of the measure in the convex roof is changed, which means the linear scaling of the convex roof no longer holds [25] and the latter cannot be evaluated exactly by exploiting the one-root property [27] . We therefore need to employ the zero-E approximation [34] to provide bounds on the residual for all SLOCC classes, including the degenerate subclasses of class 2. We find numerically that the lower bound for the residual of the example state ρ 2 a 0 ,x is always non-zero for q 2.28, and we plot it in Fig. 2(c) for a choice of q = 4.
A numerical test of 1.5 × 10 7 randomly generated states over all SLOCC classes, and specifically an investigation of the degenerate subclasses of class 2, indicates that the modified monogamy inequality of this form might be satisfied in general when q 2.42. In particular, the inequality should clearly hold for the choice q = 4, which would make the modified three-tangle a polynomial of degree 1 in the coefficients of the wave function. Because a choice of 2 < q < 4 or q > 4 would result in a non-integer scaling with the state coefficients, we consider this as the only possible value that q can take. This can then be considered as the most straightforward and sensible generalization of the CKW monogamy inequality to four-qubit systems which we find likely to hold for all states.
D. Discussion
We now discuss and compare the two proposed modifications to the strong monogamy inequality in more detail.
The second approach can be seen to better reproduce the natural behavior of the straightforward extension of the CKW monogamy inequality of Eqs. (6) and (7). Comparing Fig. 2(b) and 2(c) , we can see for the example state ρ 2 a 0 ,x that approach 1 adds an artificial residual for all values of x, while approach 2 exhibits a similar behavior to Fig. 2(a) in the limiting cases, with τ states over all SLOCC classes in Fig. 3 . We see that both 1|2|3|4 obtained using the zero-E approximation [34] . The residual is defined by: (a) the natural strong monogamy inequality as in (6) and (7), (b) the modified strong monogamy inequality as in (15) with µ = 3, (c) the modified strong monogamy inequality as in (16) with q = 4. 1|2|3|4 . The residual is defined by: (a) the natural strong monogamy inequality as in (6) and (7), (b) the modified strong monogamy inequality as in (15) , with the biggest amount of states having very low values of the residual; however, an overall increase of the residual is more pronounced in approach 1. A similar comparison has been performed in Fig. 4 for 10 6 states in the degenerate subclass of SLOCC class 2, showing how the two approaches modify the residual of the states to eliminate all violations.
Additionally, let us remark that the class of generalized W states still saturates the strong monogamy inequality in both of the modified approaches, given that such states saturate the original CKW inequality (5) as already noted in [5] , while all their k-partite entanglements (with k > 2) are identically vanishing since the reduced density matrix of a generalized W state is a mixture of a product state and a generalized W state, whose mixed tangle is zero [36] (see also Ref. [28] ).
We note that the residual tangle obtained here cannot be a SLOCC invariant [14] . This contrasts with the three-qubit case where the residual three-tangle is a genuine three-partite entanglement measure invariant under SLOCC. We believe nonetheless that our proposed inequalities can still place important and intuitive constraints on the entanglement sharing among four (or more) parties.
The modified inequalities can be readily generalized to n qubits, although the complex computational problems involved in calculating the convex roofs of entanglement measures for higher-rank states make it difficult to perform any kind of numerical analysis in larger systems. Even for five qubits, to lower-bound the 5-partite residual we need to obtain a lower bound on rank-4 mixed three-tangles, and no suitable bounds exist at the moment which provide sufficiently accurate results.
Finally, note that verification of a monogamy inequality for pure states implies, by convexity of the involved measures, its validity for general mixed states as well; this argument applies to all of the described approaches.
III. CONCLUSIONS
We have investigated the possibility of extending the standard CKW monogamy inequality [5] to four-qubit states, accounting also for the three-partite entanglement in the reduced three-qubit partitions. We have shown that the most natural and intuitive extension of the inequality, where the three-partite terms are counted on equal footing with the bipartite terms, does not hold in general. To this end, we have presented an analytical example of a family of states which violates this inequality, and for which the four-partite residual can be obtained exactly and be shown to be negative, confirming a conjecture raised in [17] .
To resolve the violations of the extended monogamy inequality, we introduced two alternative methods to modify it. The methods were investigated both analytically on an example family of states as well as by an extensive numerical test of randomly generated states. It is not clear a priori which of the methods would represent a better choice to investigate the distribution of four-qubit entanglement, but our analysis suggests that tweaking the power of the three-tangle in the convex roof while retaining the overall degree of all terms of the the inequality (referred to as approach 2 in this paper) more closely resembles the properties of a desired strong monogamy extension. This suggests that an approach of this kind may indeed provide the most natural extension of the CKW inequality to more than three qubits, and that such an approach may hold in general, although it makes an analytical investigation much more difficult because it does not preserve some simplified characteristics which apply to the convex roof of the square root of the tangle [25, 27] .
Our analysis marks a step towards understanding the constraints of entanglement sharing in multipartite systems, but it also introduces several questions which are worth of consideration in future work. In particular, an analytical proof of a strong monogamy inequality holding in the most general case, already in the case of four qubits, would of course be necessary to complete our investigation. Without being able to investigate even the five-qubit case, we can only conjecture a generalized form of monogamy to hold, but our results provide strong evidence towards the existence of a strong monogamy constraint on arbitrary states of four qubits as manifested by a positive residual four-qubit term. It would be very interesting to answer the question of whether a simple class of states violating the natural extension of monogamy exists in systems of more qubits [17] and higher-dimensional systems [37] [38] [39] and to obtain a better understanding of their entanglement properties.
